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192 and the corresponding lattice spacings a = 0.0190, 0.00967 fm, respectively, at temperatures
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quarkonium correlation functions and related physical quantities: the quark number susceptibility
and the heavy quark diffusion constant.
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1. Introduction
The behavior of quarkonia in a hot medium is of great interest to understand properties of
the quark-gluon plasma (QGP) expected to form in relativistic heavy ion collisions. Because of
the color Debye screening in the deconfined phase quarkonia should melt at certain dissociation
temperatures. Therefore suppression of quarkonium yields can be an important signal of QGP
formation in experiments [1]. Actually observation of the J/ψ suppression at SPS [2], RHIC [3]
and LHC [4, 5, 6] as well as the sequential ϒ suppression at LHC [7] have been reported. However,
since there are cold nuclear matter effects which can also contribute to the quarkonium suppression,
it is important to have good theoretical understanding of in-medium properties of quarkonia.
Not only in-medium behavior of bound states but also that of single heavy quark is interesting
since the elliptic flow of heavy quarks has been observed in the experiment [8]. This gives an
evidence of collective motion due to hydrodynamic effects. Here the heavy quark diffusion constant
related to energy loss of an in-medium heavy quark and the ratio of shear viscosity to entropy
density is one of important quantities to explain this hydrodynamic aspect of the experimental
results. Although there are several phenomenological studies about heavy quark diffusion [9, 10],
their results are not yet conclusive. Therefore calculation based on the first principle is needed.
Lattice QCD is a powerful approach to study physics where non-perturbative effects in the
strong interaction are important. Thus many lattice QCD studies on charmonia at finite temperature
have already been done [11, 12, 13, 14], however, their results on dissociation temperatures are still
controversial. Recently studies on bottomonia have also been reported in the framework of NRQCD
[15, 16]. The heavy quark diffusion constant has been estimated in [14] at one lattice spacing. We
have reported our recent study on continuum estimate of the heavy quark momentum diffusion in
context of a heavy quark effective theory [17]. In this contribution we show correlation functions
of both charmonia and bottomonia computed in quenched lattice QCD at finite temperature and
discuss the behavior of charmonia and bottomonia in a hot medium. We mainly forcus on the
changes of the correlation functions at temperatutres from 0.7Tc to 1.4Tc. Results at 1.1Tc and
1.2Tc have been reported in our previous study[18]. We also show the quark number susceptibility
and heavy quark diffusion constant which can be calculated from correlation functions in the vector
channel. One of our goals is to calculate the quantities mentioned above in the continuum limit.
However we only show results given at two different lattice spacings in this contribution so far.
2. Quarkonium correlation and spectral functions
In this study we investigate the Euclidean meson correlation function at vanishing momentum,
which is defined as
GH(τ)≡
∫
〈JH(~x,τ)JH(~0,0)〉d3x, (2.1)
where JH(~x,τ) ≡ q¯(~x,τ)ΓHq(~x,τ) is a meson operator and ΓH = γ5, γµ , 1, γµγ5 corresponds to
pseudo-scalar (PS), vector (V), scalar (S) and axial-vector (AV) channels, respectively. Then, at
a certain temperature T , the spectral function ρH(ω), which has all information about in-medium
properties of the quarkonium, is related to the correlation function by
GH(τ ,T ) =
∫
∞
0
dω
2pi
ρH(ω)
cosh(ω(τ −1/2T ))
sinh(ω/2T ) . (2.2)
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Table 1: Lattice setup.
β a [fm] Nσ Nτ T/Tc # of confs.
7.192 0.0190 96 48 0.7 259
32 1.1 476
28 1.2 336
24 1.4 336
7.793 0.00967 192 96 0.7 66
48 1.4 177
Table 2: κ values and corresponding vector meson masses mV .
β κ mV [GeV]
7.192 0.13194 3.105(3)
0.12257 9.468(3)
7.793 0.13221 3.092(5)
0.12798 9.431(5)
To investigate the temperature dependence of the spectral function, instead of estimating the spec-
tral function itself from the correlation function, we consider the reconstructed correlation function
defined by the kernel and the spectral function at temperatures T and T ′, respectively, as
Grec(τ ,T ;T ′)≡
∫
∞
0
dω
2pi
ρ(ω ,T ′)cosh(ω(τ −1/2T ))
sinh(ω/2T ) . (2.3)
Since G(τ ,T ) and Grec(τ ,T ;T ′) have same trivial temperature dependence coming from the ker-
nel, differences between these two quantities originate from thermal modifications of the spectral
function. Here, since we do not calculate the spectral function itself, instead we calculate the
reconstructed correlation function by using a relation [14] as follows:
Grec(τ ,T ;T ′) =
1/T ′−1/T+τ
∑
τ ′=τ , ∆τ ′=1/T
G(τ ′,T ′), (2.4)
with 1/T = Nτa and 1/T ′ = N ′τa, where a is the lattice spacing and N ′τ must be a multiple of Nτ .
The spectral function for the vector channel is also related to the heavy quark diffusion constant D
as
D =
1
6χ00
lim
ω→0
3
∑
i=1
ρ iiV (ω)
ω
, (2.5)
where χ00 is the quark number susceptibility defined by the (0,0) component of the vector correla-
tion function as χ00 ≡ G00V (τ)/T and ρ iiV (ω) is the (i, i) component of the vector spectral function.
3. Numerical results
We employed the standard plaquette gauge and O(a)-improved Wilson fermion actions in
queched QCD. As shown in Table 1, we performed numerical simulations on two large and fine
3
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Figure 1: Ratio of ordinary to reconstructed correlation functions at T = 1.4Tc for the PS (top-left), V
(top-right), S (bottom-left) and AV (bottom-right) channels, where the reconstructed correlation function
is calculated from the ordinary one at T = 0.7Tc. Results for charmonia and bottomonia are indicated by
open and filled symbols, respectively, and those at β =7.192 and 7.793 are also shown by circle and square
symbols, respectively.
lattices with the spatial lattice extents Nσ = 96, 192 and bare lattice gauge couplings β = 6/g2 =
7.192, 7.793, which correspond to lattice spacings a = 0.0190, 0.00967 fm, respectively, where the
scale was determined from Sommer scale r0 = 0.49 fm [19]. At temperatures in a range between
about 0.7Tc and 1.4Tc we generated gauge configurations with an over-relaxed pseudo-heatbath
algorithm. After taking more than 1500 sweeps as thermalization, every 500 trajectories were
measured. The numbers of measured configurations on each lattice are also shown in Table 1. To
investigate the quark mass dependence we took two different κ values as shown in Table 2, where
the quark masses were tuned such that corresponding vector meson masses mV became almost
equal to experimental values of J/ψ and ϒ masses [20].
In Figure 1 ratios of the ordinary to reconstructed correlation functions at T = 1.4Tc are shown
for the PS, V, S and AV channels, where the reconstructed correlation function is calculated from
the ordinary one at T = 0.7Tc. Here results for the V and AV channels are shown by averaging
over the spatial polarization directions, i.e. the (1,1), (2,2) and (3,3) components. First, it is clear
to see that results for V, S and AV have strong enhancement at later time in contrast to those for
the PS channel. Looking at this enhancement in detail, it is larger for the charmonium than for
the bottomonium for the V channel while it is other way round for the S and AV channels. In
our previous study [18] we have found that modification of the low frequency part of the spectral
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Figure 2: (Left) Temperature dependence of the quark number susceptibility normalized by temperture
χ00/T 2. (Right) Difference between the ordinary and reconstructed correlation functions normalized by the
quark number susceptibility (G(τ,T )−Grec(τ,T ;T ′))/T χ00 at T = 1.4Tc, where the reconstructed correla-
tion function is calculated from the ordinary one at T = 0.7Tc. Results for charmonia and bottomonia are
indicated by open and filled symbols, respectively, and those at β =7.192 and 7.793 are also shown by circle
and square symbols, respectively.
function related to the transport peak gives dominant contribution to this enhancement by seeing the
midpoint-subtracted correlation function [21]. In the case of the PS channel the charmonium and
bottomonium correlation functions also have quite different behavior especially at later time, which
suggests different temperature dependence of the low frequency part of their spectral functions.
Next, let us consider the cutoff effect. It can be seen that the deviation from unity at earlier time
for the coarser lattice data for the PS and V channels is due to the cutoff effect. Moreover one can
also find some cutoff effect even at later time for PS channel. Cutoff dependence looks small for S
and AV channels except for data at the largest τ for charmonia.
On the left hand side of Figure 2 the quark number susceptibility normalized by temperature
χ00/T 2 is shown, where χ00 is given by the (0,0) component of the vector correlation function at
τT = 1/2 since it should be independent of τ . It shows that cutoff effects are small and χ00/T 2
for the charm sector increases monotonically as temperature increases while that for the bottom
sector is almost zero at any temperature, which would suggest some thermal modification of the
charmonium states and existence of the stable bottomonium states for the V channel up to 1.4Tc.
Here let us consider the difference between the ordinary and reconstructed correlation func-
tions normalized by the quark number susceptibility for the V channel, i.e.
(G(τ ,T)−Grec(τ ,T ;T ′))/T χ00, where T = 1.4Tc and T ′ = 0.7Tc. This quantity is shown on the
right hand side of Figure 2. As we have already seen in Figure 1, the vector spectral function has
strong thermal modification in low frequency region related to the transport peak. If we assume
that compared to the transport peak, the rest part of the spectral function has almost negligible
temperature dependence up to 1.4Tc, approximately G(τ ,T)−Grec(τ ,T ;T ′) at τT = 1/2 can be
written as
G(1/2T,T )−Grec(1/2T,T ;T ′)≃
∫
∞
0
dω
2pi
ρ(ω << T ) 1
sinh(ω/2T )
, (3.1)
where ρ(ω << T ) consists of only the transport peak. Since the heavy quark diffusion constant
D is related to the spectral function around zero frequency, according to (2.5), we introduce a
5
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Breit-Wigner type ansatz [22] to the transport peak as
ρ(ω << T ) = 2T χ00
M
ωη
ω2 +η2 , η ≡
T
MD
, (3.2)
where M ≡ ma is a quark mass. Thus, by solving an equation
2
M
∫
∞
0
dω
2pi
ωη
ω2 +η2
1
sinh(ω/2T ) =
G(1/2T,T )−Grec(1/2T,T ;T ′)
T χ00
(3.3)
with respect to η (or D), one can estimate D for a certain quark mass m. By using m = 1–2 GeV
for the charm quark mass, we got 2piDT ≃ 0.6–4 and 0.5–2 at β = 7.192 and 7.793, respectively,
which is consistent with a result given in [14], although our results still have large systematic
uncertainties coming from the fit analysis and choice of quark mass. On the other hand, we couldn’t
find any solution of (3.3) with m = 4–5 GeV in the bottom sector, which suggests that some of our
assumptions might not fit to the bottomonium case.
4. Conclusions
We studied charmonium and bottomonium correlation functions in quenched lattice QCD on
large and fine lattices at temperatures in a range between about 0.7Tc and 1.4Tc to understand
in-medium properties of charmonia and bottomonia. We investigated ratios of the ordinary to
reconstructed correlation functions at 1.4Tc and found large enhancement at later time for both
charmonia and bottomonia for the V, S and AV channels, which might be related to a transport
peak in the spectral function. On the other hand, the correlation functions for the PS channel
didn’t have such enhancement but the behaviour in the charm and bottom sectors is different from
each other, which indicates different temperature dependence of the chamonium and bottomonium
spectral functions. The cutoff dependence of the correlation functions was also checked with two
different lattice spacings and we found some cutoff effect for the PS and V channels while that for
S and AV channels looks small except for the midpoint data for charmonia. We also investigated
the quark number susceptibility, which is given from the (0,0) component of the vector correlation
function. We found that the cutoff dependence is small and the quark number susceptibilities in
the charm sector increases monotonically as temperature increases while that for the bottom sector
shows almost no temperature dependence, which would suggest some thermal modification of the
charmonium states and existence of the stable bottomonium states for the V channel up to 1.4Tc.
Finally, we considered the difference between the ordinary and reconstructed correlation functions
at 1.4Tc, which might have dominant contributions from a transport peak in the spectral functions.
From that quantity we roughly estimated the heavy quark diffusion constant D as 2piDT ≃ 0.6–4
and 0.5–2 on our coarser and finner lattices, respectively, with quark mass in a range 1–2 GeV in
the charm sector. In the bottom sector, however, we couldn’t estimate D within 4–5 GeV quark
mass.
Directly investigating the charmonium and bottomonium spectral functions, taking the contin-
uum limit and developing a way to estimate the heavy quark diffusion constant with much smaller
systematic uncertainties are our future work.
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